MEASURE THEORY AND INTEGRATION 2015/2016 — FINAL EXAM
Instructor: Daniel Valesin
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Score obtained: 10

1. Indicate which of the following statements is necessarily true (no justification is required

in this exercise).
(a) Let (92,.4) be a measurable space and f : Q — R. f is measurable if and only if | f|
is measurable.
(b) If (2, A, ) is a measure space and f € £L>(2), then |f| < || f]|co almost everywhere.

(c) If A is a Borel measurable subset of R with empty interior, then the Lebesgue
measure of A is zero.

(d) If A is a Borel measurable subset of R and the Lebesgue measure of A is zero, then
A has empty interior.

(e) Let (£2, A, u) be a measure space and f : Q@ — R be a measurable function. Then,
f > 0 almost everywhere if and only if [ |f| du= [ fT dufor all E € A.

(f) Let (2, A, 1) be a measure space and f : @ — R be a measurable and nonnegative
function. Then, f is integrable if and only if n- p({w : f(w) > n}) — 0 as n — co.

(g) Let (Q,A, p) be a measure space, p > 1 and f,g € LP(Q2). Then, f-g € LP(Q).

2. Let Q be a set.

) Show that the collection A = {A C Q: A or A is countable} is a o-algebra.
b) Show that A= o({{z}:z € Q}).
)

)

Give the definition of outer measures.

Let (€2,.A) be a measurable space such that
for all w € Q, {w} € A. ()

A measure p on (Q2,.A) is called non-atomic if pu({w}) = 0 for all w. Prove that
(R, B) satisfies (&) and that Lebesgue measure on (R, B) is non-atomic.

(a) Let (Q1,.4;) and (Q2,.42) be measurable spaces, &€ C A be a collection of sets
with o(€) = As and f: Q1 — Q9 be a function satisfying

fYUE)e A forall E€€.

Show that f is measurable.

(b) Let f : R — R be differentiable. Show that the derivative of f is a measurable
function from (R, B) to (R, B).



5. (a) Let (92, A, u) be a measure space and f : 2 — R be a nonnegative and measurable
function. Show that

V(A):/Afdu, Ac A

1S a measure.

(b) Let (£2,.A, 1) be a measure space and let 1 < p < oco. Let f, : Q@ >R, n €N, be a
sequence of measurable functions converging pointwise to f : @ — R. Assume that
|fn] < g for some g € £P(Q2) and all n. Show that f € LP(Q2) and that || f,,— f]|, = 0
as n — 0o.

6. Let (21,.41) and (2, .A2) be measurable spaces. Let u, ' be measures on (£4,.41) and
v, V' be measures on (€9, A2). Assume that
o 1(1), (), v(Q2) and v/ (€2) are all finite;
e for all sets A € A; with pu(A) =0, we have p/(A)
e for all sets B € As with v(B) = 0, we have V/(B) =

0;
0.

Prove that for all sets D € 41 ® Ag with (u® v)(D) = 0 we have (1/ ® v')(D) = 0.



